In this paper, we develop a theory of monotone operators in the framework of abstract convexity. First, we provide a surjectivity result for a broad class of abstract monotone operators. Then, by using an additivity constraint qualification, we prove a generalization of Fenchel's duality theorem in the framework of abstract convexity and give some criteria for maximal abstract monotonicity. Finally, we present necessary and sufficient conditions for maximality of abstract monotone operators.
Introduction
Abstract convexity has found many applications in the study of problem of mathematical analysis and optimization. Also, it has found interesting applications to the theory of inequalities. Abstract convexity opens the way for extending some main ideas and results from classical convex analysis to much more general classes of functions, mappings and sets. It is wellknown that every convex, proper and lower semicontinuous function is the upper envelope of a set of affine functions. Therefore, affine functions play a crucial role in classical convex analysis. In abstract convexity, the role of the set of affine functions is taken by an alternative set H of functions, and their upper envelopes constitute the set of abstract convex functions. Different choices of the set H generate variants of the classical concepts, and have shown important applications in global optimization (see [23] [24] [25] [26] ).
Abstract convexity has mainly been used for the study of point-to-point functions. Examples of its use in the analysis of multifunctions can be found in [1, 9, 10, 20] . Several approaches to the theory of monotone multifunctions have established links between maximal monotone multifunctions and convex functions (see [2, 3, 6, 8, 13, 14, 19, 29, 30] ). The richness of the theory of monotone operators has given rise to a great number of works and the simplification of proofs and theory that results from the use of convex analysis techniques justifies an interest in these links. Roughly speaking, the study of monotone operators is reduced to the study of the convexification of the coupling function, restricted to the monotone set. However, convexity is sometimes a restrictive assumption, and therefore the problem arises how to generalize the theory of monotone operators via abstract convexity. Recently, a theory of monotone operators has been developed in the framework of abstract convexity (see [5, 15] ).
In 1970, Moreau [17] observed that Fenchel conjugation theory and the second conjugate theorem can be established in a very general setting, using two arbitrary sets and arbitrary coupling functions. The second conjugate theorem in this setting, known as Fenchel-Moreau theorem, has given rise to the rich theory of abstract convexity (see [18, 22, 28] ). Extensions of Fenchel duality theorem and Fenchel-Rockafellar theorem, which have played key roles in the application of convex analysis, have been presented for abstract convex functions in [7] . The aim of the present paper is to develop a theory of monotone operators in the framework of abstract convexity by using generalized Fenchel duality theorem. In fact, we present criteria for maximal abstract monotonicity and obtain some results on maximal abstract monotonicity by using an additivity constraint qualification.
The structure of the paper is as follows: In Sect. 2, we provide some preliminary definitions and results related to abstract convexity and abstract monotonicity. In Sect. 3, we present a Rockafellar type surjectivity result. In Sect. 4, by using an additivity constraint qualification, we obtain a generalization of Fenchel duality theorem in the framework of abstract convexity and give also criteria for maximal abstract monotonicity. Necessary and sufficient conditions for maximality of abstract monotone operators are given in Sect. 5.
Preliminaries
Let X and Y be two sets. Recall (see [4] ) that a set valued mapping (multifunction) from X to Y is a mapping F : X −→ 2 Y , where 2 Y represents the collection of all subsets of Y. We define the domain and graph of F by dom (F) := {x ∈ X : F(x) = ∅},
